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Acoustic wave equation

57
In general, previous work directly derives the acoustic wave equation from the mass and momentum equations, 58 assuming that there is no thermal conductivity of the fluid (the isentropic assumption) [5, 21, 24, 27] . The entropy 59 is thereby directly neglected. In this section, the acoustic wave equation is derived step by step. A constant cross-60 sectional area duct sustaining a mean flow and mean temperature gradient is considered. Assuming a perfect inviscid 61 gas, the one-dimensional mass, momentum and energy conservation equations along with the perfect gas law along 62 the duct give [28] 
where ρ, u, p, T and s denote density, axial velocity, pressure, temperature and entropy respectively andq the heat flux. x and t are axial location and time. R g represents the universal gas constant and γ denotes the ratio of specific 68 heats. These two parameters are assumed constant along the duct. Assuming that the flow comprises a steady uniform 69 time-averaged flow (denoted ()) and small perturbations (denoted () ), the mean properties satisfy the relations
72 dp dx =ρū 2 α (7)
The linearised mass, momentum and energy equations are given by 
where M =ū/c denotes the Mach number of the flow,c = (γR g T ) 1/2 the speed of sound and c p = γR g /(γ − 1) the heat 80 capacity at constant pressure. Herein, one assumes that there is no additional heat perturbation (q = 0) within the 
it is possible to obtain three linearised Euler equations (LEEs) as functions of pressurep, axial velocityû and entropy 85σ = s/c p perturbations:
86
iω + γ dū dx p +ū dp dx + dp dxû + γp dû dx = 0 (16) 87 iω + dū dx û +ū dû dx +ū dū dxp γp + 1 ρ dp dx −ū dū dxσ = 0 (17)
It will be shown in detail in Section 7 that the entropy generation due to the communication between the acoustic 89 waves and the distributed mean temperature zone is small and its impact on the acoustic wave field can be neglected.
90
The linearised momentum equation (Eq. (17)) can then be simplified to an equation independent ofσ:
Eqs. (16) and (19) are now used to derive the acoustic wave equation as a function ofp. Before this can be 92 achieved, it is necessary to eliminate the term dp dxû in Eq. (16). This is small when M 2 1, and is often directly 93 neglected in previous work [21, 24] . For the sake of simplicity, one firstly defines the local wave number when there 94 is no mean flow within the duct:
For sufficiently large wave number, |k 0 | |Mα|, the following approximation can be made:
By applying the approximation in Eq. (21) to Eq. (19), we obtain: 97 dp dxû ≈ −γp 
This equation is then normalised by γp to give:
100
Cp + D dp dx
where the two coefficients C and D are:
Equation (19) can also be normalised byū:
Aû + B dp dx
with A, B and G given by:
By manipulating the equations according to:
an acoustic wave equation which is a function only ofp is obtained:
If Mach number terms of order higher than M 2 are neglected, this can be simplified to:
2 k 0 dp dx
where β is the normalised second order differential of mean density, given by: superimposed upon an axially dependent mean flow and that the universal gas constant, R g , and the ratio of specific 108 heats, γ, can be assumed constant along the duct. Analytical solutions to it will be considered in Sec 3. For now, we 109 note that Eq. (27) unifies previously reported findings for special situations:
110
• When there is a mean flow in the duct (M > 0) but no mean temperature gradient (α ≡ 0), Eq. (27) becomes:
agreeing with the equation presented in [29, 30] .
112
• When there is a mean temperature gradient within the duct (α = − simplifies to:
agreeing with [17, 25] .
115
• When the duct contains neither a mean flow (M ≡ 0) nor a mean temperature gradient (α ≡ 0), Eq. 
where C is an arbitrary constant. a and b are two real x-dependent variables. When there is no mean temperature 
Considering the real part of the above equation with k 0 taken as a real number (the imaginary part of k 0 is generally 138 much smaller than the real part in a thermoacoustic system [30]) leads to:
In general, b is much larger than a, especially when the frequency is sufficiently large, as discussed later. It is then 140 possible to neglect further small terms and simplify the above equation to:
It was found in [25] that a ≈ α/4 when there is no mean flow. By substituting this approximation into the above 142 equation, when |k 0 | |α| and |k 2 0 | |β|/2, we find that:
Solutions for b follow by solving the above equation: can be assumed to be the superposition of two plane waves travelling in opposite directions [30] .
149
Considering the imaginary part of Eq. (33) and neglecting very small terms yields:
It is possible to substitute the two solutions of b into Eq. (38) to find the corresponding solutions of a.
151
•
When |k 2 0 | Mα 2 and |k 2 0 | M|β|/2, the simplified solution for a is:
It should be noted that the conditions which yield Eq. (36) imply that the above conditions will always be met.
154
For the same conditions as above, (|k 2 0 | Mα 2 and |k 2 0 | M|β|/2), the simplified solution for a is:
Combining the simplified solutions for both a and b yields the overall analytical solution of Eq. (27):
where
exp iω is typically proportional to M.
164
The solution of velocity perturbation,û, can be obtained from Eqs. (24) and (25), using:
Substituting Eqs. (43)- (45) into Eq. (46) and neglecting small terms yields:
Eqs. (43)- (45) and (47) represent the analytical solution for the one-dimensional acoustic field that forms one of 167 the results of this paper. It is also useful to summarise all assumptions made to derive these analytical solutions,
168
leading to that the frequency should satisfy the conditions |k 0 | |α| and |k 2 0 | |β|/2, and that Mach number terms of 169 order higher than M 2 can be neglected. The analytical solutions for some special situations can be recovered from the 170 proposed solutions.
171
• When the duct contains a mean flow (M > 0) but no mean temperature gradient (α ≡ 0), the Mach number is 172 constant along the duct and the solutions forp andû reduce to:
agreeing with the solutions in [30, 34] .
175
• When the duct contains a mean temperature gradient (α 0) but no mean flow (M ≡ 0), the solutions simplify 176 to:
agreeing with the solutions in [25, 35] .
179
• When the duct contains neither a mean temperature gradient (α ≡ 0) nor a mean flow (M ≡ 0), the solutions 180 reduce to those of the classical one-dimensional Helmholtz equation:
Validation duct flows and definition of transfer functions
182
The accuracy of the analytical solution proposed in Eqs. (43) - (45) and (47) is evaluated by applying it to a straight 183 duct containing one-dimensional mean flow, and with a distributed mean temperature zone extending from x = x 1 to 184 x = x 2 = x 1 + l. Two mean temperature profiles are considered, the first being a linear mean temperature profile,
185
satisfying: This linear profile enables comparison of the current analytical solution to some previous analytical solutions specifi-
187
cally for linear mean temperature profiles. The second temperature profile is a more complicated sine wave satisfying:
Its axial variation is shown in Fig. 1 , and involves the mean temperature firstly increasing and then decreasing, as profile can be approximated as linear, and then applying the solution to each segment separately.
196
The parameters used for the analysis in the following sections are listed in Table 1 1 top(x, f ) andû(x, f ) for an arbitrary location, x, within the temperature profile region, x 1 ≤ x ≤ x 2 , and arbitrary
The performance of the analytical solution can be evaluated by comparing the predicted pressure and velocity 212 transfer functions, F p (x, f ) and F u (x, f ) respectively, to those numerically calculated using the two linearised Euler 
The difference between the predicted and LEE calculated transfer functions is quantified using pressure and velocity error coefficients, defined as: 
258
The performance of Karthik's method is evaluated in Figure 7 . It is noted that these results are obtained by 
Effect of mean axial temperature gradient, end acoustic impedance and ratio of specific heats
266
The error coefficients, p and u , as functions of frequency, f l/c 1 , and temperature ratio, T 2 /T 1 , are shown in 267 Figure 8 for the proposed analytical solution. As T 2 /T 1 and f l/c 1 decrease, the errors increase and the predicted 268 acoustic field loses accuracy. However, when f l/c > χ or |k 0 | > |α|, an error of less than 1% is always achieved. It is 269 furthermore noted that this method can be applied to large mean temperature gradients.
270
The error coefficients, p and u , as functions of frequency, f l/c 1 , and upstream acoustic impedance, Z 1 , are shown 271 in Figure 9 for the proposed analytical solution. Although the velocity error, u , increases with |Z 1 |, good accuracy is 272 still achieved as long as f l/c > χ or |k 0 | > |α|.
273
The analytical solution for the acoustic field (Eqs. (43)- (47)) depends upon the ratio of specific heats, γ. shows that the proposed solution gives accurate predictions for all realistic values of γ. the condition given in Eq. (60), the following condition should also be satisfied:
A parametric study is performed to investigate the accuracy of both approaches of the proposed analytical solu- 
309
Figures 16 and 17 show the error coefficients, p and u , as functions of frequency, f l/c 1 , and temperature ratio,
310
T 2 /T 1 . The same trend is found: the piecewise linear implementation is accurate as long as f l/c 1 > χ or |k 0 | > |α|.
311
The same findings apply for the upstream acoustic impedance, shown in Fig. 18 . Finally, the effect of the number of 312 segmentation points on the piecewise linear approximation is investigated. Figure 19 shows that good accuracy can 313 be achieved with relatively few points, in this case N s > 14, for this kind of mean temperature profile. 
Entropy wave generation and its impact on the acoustic field
315
Thus far in the paper, we have neglected the entropy wave generated by the interaction of the acoustic field with 316 the temperature variation, and its subsequent effect on the acoustic field. We now revisit these assumptions in more 317 detail.
318
From Eq. (18), it follows that when there is no additional heat perturbation, the entropy wave is mainly generated 319 by the acoustic wave propagating through the zone of mean temperature gradient (or mean density gradient). For 320 sufficiently large frequency, ω, the entropy wave,σ, is approximately given by For plane acoustic waves propagating in either direction within a duct, the pressure and velocity disturbances approx-
It is thus possible to deduce that:
The above approximation agrees with those found in [39] . The generated entropy wave is inversely proportional to 325 frequency and proportional to the mean temperature gradient. A quantitative analysis evaluating the effect of the generated entropy wave on the acoustic field is now performed.
330
The generated entropy wave is calculated using the three LEEs given in Eqs. (16)- (18), and assuming that the mean 331 temperature profile is linear. The transfer function fromû 1 to the entropy waveσ is defined by:
Figure 20 The acoustic field predicted using the full three LEEs (Eqs. (16)- (18)) is compared to that calculated using the 
345
We note that these differences always remain small and can be neglected, justifying the use throughout this paper of 346 numerical calculations of the reduced two LEEs as the reference against which the analytical solutions were compared. more reliable and has a much wider application range than previous solutions. Finally, the entropy wave generated 368 by the communication between the acoustic waves and the distributed mean temperature zone has been investigated.
369
Results show that both the entropy wave and its effect on the acoustic field remain very small across all operating 370 conditions and can be neglected. It should be noted that too many terms were neglected in the coefficients of dp dx andp. By using the varied WKB Mach number condition were additionally assumed, yielding a wave equation as follows:
dx 2 − 1 − (3 + γ)M 2 α + i2Mk 0 dp dx + k By assuming dp dx ≡ 0, 1 b zp + z(z − 1) dp dz (C.9)
When the initial or boundary conditions are given, the two coefficients can thereby been determined.
